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Effective lagrangians for QCD at high density
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Abstract. We describe low energy physics in the CFL and LOFF phases by means of effective
lagrangians. In the CFL case we present also how to derive expressions for the parameters appearing
in the lagrangian via weak coupling calculations taking advantage of the dimensional reduction of
fermion physics around the Fermi surface. The Goldstone boson of the LOFF phase turns out to be
a phonon satisfying an anisotropic dispersion relation.
INTRODUCTION
Ideas about color superconductivity go back to almost 25 years ago [1], but only recently
this phenomenon has received a lot of attention (for recent reviews see ref. [2]). The
naive expectation is that at very high density, due to the asymptotic freedom, quarks
would form a Fermi sphere of almost free fermions. However, Bardeen, Cooper and
Schrieffer proved that the Fermi surface of free fermions is unstable in presence of
an attractive, arbitrary small, interaction. Since in QCD the gluon exchange in the ¯3
channel is attractive one expects the formation of a coherent state of particle/hole pairs
(Cooper pairs). For a careful description of the formation of the condensates and of the
approximations involved in going from asymptotic densities to finite ones it is useful to
see the contribution of K. Rajagopal at this meeting [3]. The phase structure of QCD at
high density depends on the number of flavors and there are two very interesting cases,
corresponding to two massless flavors (2SC) [1, 4] and to three massless flavors (CFL)
[5, 6] respectively. In this talk we will be mainly concerned with the latter case. The
two cases correspond to very different patterns of symmetry breaking. If we denote left-
and right-handed quark fields by ψαiL(R) with α = 1,2,3, the SU(3)c color index, and
i = 1, · · · ,N f the flavor index (N f is the number of massless flavors), in the 2SC phase
we have the following structure for the condensate (C = iγ2γ0 is the charge-conjugation
matrix)
〈qαiL(R)CqβjL(R)〉 ∝ εi jεαβ3. (1)
The condensate breaks the color group SU(3)c down to the subgroup SU(2)c but it does
not break any flavor symmetry. Although the baryon number, B, is broken, there is a
combination of B and of the broken color generator, T8, which is unbroken in the 2SC
phase. Therefore no massless Goldstone bosons are present in this phase. On the other
hand, five gluon fields acquire mass whereas three are left massless. It is worth to notice
that for the electric charge the situation is very similar to the one for the baryon number.
Again a linear combination of the broken electric charge and of the broken generator
T8 is unbroken in the 2SC phase. The condensate (1) gives rise to a gap, ∆, for quarks
of color 1 and 2, whereas the two quarks of color 3 remain un-gapped (massless). The
resulting effective low-energy theory has been described in [7]. In this contribution we
will be mainly interested in the formulation of the effective theory for the three massless
quarks case. At high density it has been shown that the following condensate is formed
[5, 6]
〈qαiL(R)CqβjL(R)〉 ∝ εi jXεαβX +κ(δiαδ
j
β +δ
i
βδ
j
α). (2)
Due to the Fermi statistics, the condensate must be symmetric in color and flavor. As
a consequence the two terms appearing in eq. (2) correspond to the (¯3, ¯3) and (6,6)
channels of SU(3)c⊗ SU(3)L(R). It turns out that κ is small [5, 8, 9] and therefore the
condensation occurs mainly in the (¯3, ¯3) channel. The expression (2) shows that the
ground state is left invariant by a simultaneous transformation of SU(3)c and SU(3)L(R).
This is called Color Flavor Locking (CFL). The symmetry breaking pattern is
SU(3)c⊗SU(3)L⊗SU(3)R⊗U(1)B⊗U(1)A
↓ (3)
SU(3)c+L+R⊗Z2⊗Z2
The U(1)A symmetry is broken at the quantum level by the anomaly, but it gets restored
at very high density since the instanton contribution is suppressed [10, 8, 11]. The
Z2 symmetries arise since the condensate is left invariant by a change of sign of the
left- and/or right-handed fields. As for the 2SC case the electric charge is broken but
a linear combination with the broken color generator T8 annihilates the ground state.
On the contrary the baryon number is broken. Therefore there are 8+ 2 broken global
symmetries giving rise to 10 Goldstone bosons. The one associated to U(1)A gets
massless only at very high density. The color group is completely broken and all the
gauge particles acquire mass. Also all the fermions are gapped. We will show in the
following how to construct an effective lagrangian describing the Goldstone bosons, and
how to compute their couplings in the high density limit where the QCD coupling gets
weaker. A final problem we will discuss has to do with the fact that when quarks (in
particular the strange quark) are massive, their chemical potentials cannot be all equal.
This situation has been modeled out in [12]. If the Fermi surfaces of different flavors are
too far apart, BCS pairing does not occur. However it might be favorable for different
quarks to pair each of one lying at its own Fermi surface and originating a pair of non-
zero total momentum. This is the LOFF state first studied by the authors of ref. [13] in the
context of electron superconductivity in the presence of magnetic impurities. Since the
Cooper pair has non-zero momentum the condensate breaks space symmetries and we
will show that in the low-energy spectrum a massless particle, a phonon, the Goldstone
boson of the broken translational symmetry, is present. We will construct the effective
lagrangian also for this case.
EFFECTIVE THEORY FOR THE CFL PHASE
We start introducing the Goldstone fields as the phases of the condensates in the (¯3, ¯3)
channel [14, 15]
X iα ≈ εi jkεαβγ〈q jβLqkγL〉∗, Y iα ≈ εi jkεαβγ〈q
j
βRq
k
γR〉∗. (4)
Since quarks belong to the representation (3,3) of SU(3)c⊗ SU(3)L(R) and transform
under U(1)B⊗U(1)A according to
qL → ei(α+β)qL, qR → ei(α−β)qR, eiα ∈U(1)B, eiβ ∈U(1)A, (5)
the transformation properties of the fields X and Y under the total symmetry group
G = SU(3)c⊗SU(3)L⊗SU(3)R⊗U(1)B⊗U(1)A are (gc ∈ SU(3)c, gL(R) ∈ SU(3)L(R))
X → gcXgTL e−2i(α+β), Y → gcY gTRe−2i(α−β). (6)
The fields X and Y are U(3) matrices and as such they describe 9 + 9 = 18 fields.
Eight of these fields are eaten up by the gauge bosons, producing eight massive gauge
particles. Therefore we get the right number of Goldstone bosons, 10 = 18−10. These
fields correspond to the breaking of the global symmetries in G (18 generators) to the
symmetry group of the ground state H = SU(3)c+L+R⊗ Z2 ⊗ Z2 (8 generators). For
the following it is convenient to separate the U(1) factors in X and Y defining fields
belonging to SU(3)
X = ˆXe2i(φ+θ), Y = ˆY e2i(φ−θ), ˆX , ˆY ∈ SU(3). (7)
The fields φ and θ can also be described through the determinants of X and Y
dX = det(X) = e6i(φ+θ), dY = det(Y ) = e6i(φ−θ), (8)
The transformation properties under G are
ˆX → gc ˆXgTL , ˆY → gc ˆY gTR , φ→ φ−α, θ→ θ−β. (9)
The breaking of the global symmetry can be discussed in terms of gauge invariant fields
given by dX , dY and
Σij = ∑
α
( ˆY jα)∗ ˆX iα → Σ = ˆY † ˆX . (10)
The Σ field describes the 8 Goldstone bosons corresponding to the breaking of the chiral
symmetry SU(3)L⊗SU(3)R, as it is made clear by the transformation properties of ΣT ,
ΣT → gLΣT g†R. That is ΣT transforms exactly as the usual chiral field. The other two
fields dX and dY provide the remaining two Goldstone bosons related to the breaking of
the U(1) factors.
In order to build up an invariant lagrangian, it is convenient to define the following
currents
JµX = ˆXD
µ
ˆX† = ˆX(∂µ ˆX†+ ˆX†gµ), JµY = ˆY Dµ ˆY † = ˆY (∂µ ˆY † + ˆY †gµ), (11)
with gµ = igsgaµT a/2 the gluon field and T a = λa/2 the SU(3)c generators. These
currents have simple transformation properties under the full symmetry group G, JµX ,Y →
gcJµX ,Y g†c . The most general lagrangian, up to two derivative terms, invariant under G, the
rotation group O(3) (Lorentz invariance is broken by the chemical potential term) and
the parity transformation defined as ˆX ↔ ˆY , φ→ φ, θ→−θ, is [14]
L = −F
2
T
4
Tr
[(
J0X − J0Y )2
)]−αT F2T4 Tr[(J0X + J0Y )2)]+ 12(∂0φ)2 + 12(∂0θ)2
(12)
+
F2S
4
Tr
[(
~JX − ~JY )2
)]
+αS
F2S
4
Tr
[(
~JX + ~JY )2
)]
− v
2φ
2
|~∇φ|2− v
2
θ
2
|~∇θ|2.
Using SU(3)c color gauge invariance we can choose ˆX = ˆY †, making 8 of the Goldstone
bosons disappear and giving mass to the gluons. The properly normalized Goldstone
bosons, Πa, are given in this gauge by
ˆX = ˆY † = eiΠ
aT a/FT , (13)
and expanding eq. (12) at the lowest order in the fields we get
L ≈ 1
2
(∂0Πa)2 +
1
2
(∂0φ)2 + 12(∂0θ)
2− v
2
2
|~∇Πa|2− v
2φ
2
|~∇φ|2− v
2
θ
2
|~∇θ|2, (14)
with v = Fs/FT . The gluons ga0 and gai acquire Debye and Meissner masses given by
m2D = αT g
2
s F
2
T , m
2
M = αSv
2g2s F
2
T . (15)
It should be stressed that these are not the true rest masses of the gluons, since there is
a large wave function renormalization effect making the gluon masses of order of the
gap ∆, rather than µ (see later) [16]. Since this description is supposed to be valid at low
energies (we expect much below the gap ∆), we could also decouple the gluons solving
their classical equations of motion neglecting the kinetic term. The result from eq. (12)
is
gµ =−12
(
ˆX∂µ ˆX† + ˆY ∂µ ˆY †
)
. (16)
It is easy to show that substituting this expression in eq. (12) one gets [16]
L =
F2T
4
(
Tr[ ˙Σ ˙Σ†]− v2Tr[~∇Σ ·~∇Σ†]
)
+
1
2
(
˙φ2− v2φ|~∇φ|2
)
+
1
2
(
˙θ2− v2φ|~∇θ|2
)
. (17)
Notice that the first term is nothing but the chiral lagrangian except for the breaking
of the Lorentz invariance. This is a way of seeing the quark-hadron continuity, that is
the continuity between the CFL and the nuclear matter phases in three flavor QCD. The
identification is perfect if one realizes that in nuclear matter the pairing may occur in
such a way to give rise to a superfluid due to the breaking of the baryon number as it
happens in the CFL phase [17].
FERMIONS NEAR THE FERMI SURFACE
We will introduce now the formalism described in ref. [18] in order to evaluate the
parameters appearing in the effective lagrangian. This formulation is based on the
observation that, at very high-density, the energy spectrum of a massless fermion is
described by states |±〉 with energies E± = −µ± |~p where µ is the quark number
chemical potential. For energies much lower than the Fermi energy µ, only the states
|+〉 close to the Fermi surface. i.e. with |~p | ≈ µ, can be excited. On the contrary, the
states |−〉 have E− ≈ −2µ and therefore decouple. This can be seen more formally by
writing the four-momentum of the fermion as
pµ = µvµ + ℓµ, (18)
where vµ = (0,~vF), and ~vF is the Fermi velocity defined as ~vF = ∂E/∂~p|~p=~pF . For
massless fermions |~vF | = 1. Since the hamiltonian for a massless Dirac fermion in a
chemical potential µ is
H =−µ+~α ·~p , ~α = γ0~γ, (19)
one has
H =−µ(1−~α ·~vF)+~α ·~ℓ. (20)
Then, it is convenient to introduce the projection operators
P± =
1±~α ·~vF
2
, (21)
such that
H|+〉=~α ·~ℓ |+〉, H|−〉= (−2µ+~α ·~ℓ) |−〉. (22)
We can define fields corresponding to the states |±〉 through the decomposition
ψ(x) = ∑
~vF
e−iµv · x [ψ+(x)+ψ−(x)] , (23)
where an average over the Fermi velocity~vF is performed. The velocity-dependent fields
ψ±(x) are given by (vµ = (0,~vF))
ψ±(x) = eiµv · x
(
1±~α ·~vF
2
)
ψ(x) =
∫
|ℓ|<µ
d4ℓ
(2pi)4
e−iℓ · xψ±(ℓ). (24)
Since we are interested at physics near the Fermi surface we integrate out all the modes
with |ℓ|> µ. Substituting inside the Dirac part of the QCD lagrangian density one obtains
(V µ = (1,~v f ), ˜V µ = (1,−~vF))
L = ∑
~vF
[
ψ†+iV ·Dψ++ψ†−(2µ+ i ˜V ·D)ψ−+(ψ¯+iD/ ⊥ψ−+h.c.)
]
, (25)
where D/ ⊥ = Dµγµ⊥ and
γµ⊥ =
1
2
γν
(
2gµν−V µ ˜V ν− ˜V µV ν) . (26)
We notice that the fields appearing in this expression are evaluated at the same
Fermi velocity because off-diagonal terms are canceled by the rapid oscillations of the
exponential factor in the µ → ∞ limit. This behavior can be referred to as the Fermi
velocity super-selection rule.
At the leading order in 1/µ one has
iV ·Dψ+ = 0, ψ− =− i2µγ0D/ ⊥ψ+, (27)
showing the decoupling of ψ− for µ → ∞. The equation for ψ+ shows also that only
the energy and the momentum parallel to the Fermi velocity are relevant variables in the
problem. We have an effective two-dimensional theory.
At the next to leading order the effective action for the field ψ+ is
L = ∑
~vF
[
ψ†+iV ·Dψ+−
1
2µ
ψ†+(D/ ⊥)2ψ+
]
. (28)
The previous remarks apply to any theory describing massless fermions at high
density. The next step will be to couple this theory in a SU(3)L⊗ SU(3)R⊗ SU(3)c
invariant way to Nambu-Goldstone bosons (NGB) describing the appropriate breaking
for the CFL phase (we will not discuss here the determination of the parameters relevant
for the U(1)A,B fields, see [11]). Using a gradient expansion we get an explicit expression
for the decay coupling constant of the Nambu-Goldstone boson as well for their velocity.
The invariant coupling between fermions and Goldstone fields reproducing the sym-
metry breaking pattern of eq. (2) is proportional to
γ1 Tr[ψTL ˆX†]C Tr[ψL ˆX†]+ γ2 Tr[ψTLC ˆX†ψL ˆX†]+h.c., (29)
with an analogous expression for the right-handed fields. Here the spinors are meant
to be Dirac spinors. The trace is operating over the group indices of the spinors and
of the Goldstone fields. Since the vacuum expectation value of the Goldstone fields is
〈 ˆX〉 = 〈 ˆY 〉 = 1, we see that this coupling induces the right breaking of the symmetry.
In the following we will consider only the case γ2 = −γ1 ∝ ∆/2, where ∆ is the gap
parameter.
Since the transformation properties under the symmetry group of the fields at fixed
Fermi velocity do not differ from those of the quark fields, for both left-handed and
right-handed fields we get the effective lagrangian density
L = ∑
~vF
1
2
[ 9
∑
A=1
(
ψA†+ iV ·DψA++ψA†− i ˜V ·DψA−−∆A
(
ψA−
TCψA++h.c.
))
− ∆ ∑
I=1,3
(
Tr[(ψ−X†1 )TCεI(ψ+X
†
1 )εI]+h.c.
)]
, (30)
where we have introduced the fields ψA±:
ψ± =
1√
2
9
∑
A=1
λAψA±. (31)
Here λa (a = 1, ...,8) are the Gell-Mann matrices normalized as follows: Tr(λaλb) =
2δab and λ9 =
√
2/3 1. Furthermore ∆1 = · · · = ∆8 = ∆, ∆9 = −2∆, and X1 = ˆX − 1.
Notice that the NGB fields couple to fermionic fields with opposite Fermi velocities. In
this expression, as in the following ones, the field ψ− is defined as ψ+ with~vF →−~vF ,
and therefore it is not the same as the one defined in (24).
The formalism becomes more compact by introducing the Nambu-Gorkov fields
χ =
(
ψ+
Cψ∗−
)
. (32)
It is important to realize that the fields χ and χ† are not independent variables. In fact,
since we integrate over all the Fermi surface, the fields ψ∗− and ψ+, appearing in χ,
appear also in χ† with~vF →−~vF . In order to avoid this problem we can integrate over
half of the Fermi surface, or, taking into account the invariance under~vF →−~vF , we can
simply integrate over all the sphere with a weight 1/8pi instead of 1/4pi. Then the first
three terms in the lagrangian density (30) become
L0 =
∫ d~vF
8pi
1
2
9
∑
A=1
χA†
[
iV ·D ∆A
∆A i ˜V ·D∗
]
χA, (33)
so that, in momentum space the free fermion propagator is
SAB(p) =
2δAB
V · p ˜V · p−∆2A
[
˜V · p −∆A
−∆A V · p
]
. (34)
We are now in position to evaluate the self-energy of the Goldstone bosons through
their coupling to the fermions at the Fermi surface. There are two one-loop contributions
[16], one from the coupling Πχχ and a tadpole from the coupling ΠΠχχ (see eq. (30).
The tadpole diagram contributes only to the mass term and it is essential to cancel the
external momentum independent term arising from the other diagram. Therefore, as
expected, the mass of the NGB’s is zero. The contribution at the second order in the
momentum expansion is given by
i
21−8ln2
72pi2F2T
∫ d~vF
4pi
8
∑
a=1
ΠaV · p ˜V · pΠa. (35)
Integrating over the velocities and going back to the coordinate space we get
L
kin
eff =
21−8ln2
72pi2F2T
8
∑
a=1
(
˙Πa ˙Πa− 1
3
|~∇Πa|2
)
. (36)
We can now determine the decay coupling constant FT through the requirement of
getting the canonical normalization for the kinetic term; this implies
F2T =
µ2(21−8ln2)
36pi2 , (37)
a result obtained by many authors using different methods (for a complete list of the
relevant papers see the first reference of [2]). We see also that v2 = 1/3. The other
constants appearing in our effective lagrangian can be obtained via a direct calculation
of mD and mM [16]. This is done evaluating the one-loop contribution to the gluon
self-energy. Also in this case there are two contributions, one coming from the gauge
coupling to the fermions, whereas the other arises from the next-to leading (in µ) sea-
gull contribution to the fermion effective lagrangian in eq. (28). The results we find are
[16, 11]
m2D = g
2
s F
2
T , m
2
M =
1
3m
2
D. (38)
Comparison with equation (15) shows that
αS = αT = 1. (39)
Performing a gradient expansion of the gluon self-energy one finds that there is a wave
function renormalization of order gsµ/∆ ≫ 1. Extrapolating this result, the physical
masses of the gluons turn out to be of the order of the gap energy (≈ 1.70∆) [16]. The
origin of the pion velocity 1/
√
3 is a direct consequence of the integration over the Fermi
velocity. Therefore it is completely general and applies to all the NGB’s in the theory,
including the ones associated to the breaking of U(1)V and U(1)A (v2φ = v2θ = 1/3);
needless to say that higher order terms in the expansion 1/µ could change this result.
The breaking of the Lorentz invariance exhibited by the pion velocity different from
one, can be seen also in the matrix element 〈0|Jaµ |Πb〉. Its evaluation gives [16]
〈0|Jaµ |Πb〉= iFT δab p˜µ, p˜µ = (p0,~p/3). (40)
The current is conserved, as a consequence of the dispersion relation satisfied by NGB’s.
THE LOFF PHASE
We shall now consider massless quarks of three colors and two different flavors. At finite
densities we introduce two chemical potentials, µ1 and µ2, for the two species in order
to mimic the different mass case. We write
µ1−µ2 = δµ≪ µ = µ1 +µ22 . (41)
The BCS condensation takes place also for δµ 6= 0 provided δµ≪ ∆. On the other hand,
for δµ ≈ ∆, the picture changes significantly. The analysis in [12] shows that there exist
two values of δµ, δµ1 and δµ2, such that, for δµ ∈ (δµ1,δµ2) the high density quark-
gluon matter is in a phase characterized by the breaking of translational and rotational
invariance, due to the presence of a scalar and a vector condensate. This phenomenon is
called crystalline color superconductivity of QCD and the relative phase is named LOFF
phase. The authors of ref. [12] find δµ1 = 0.71∆ and δµ2 = 0.744∆ for µ = 0.4 GeV and
∆ = 40 MeV for a point-like four-fermi coupling. More recently it has been found that
in the one-gluon exchange approximation the window opens up considerably [19].
The condensation in the LOFF phase gives rise to two breaking terms in the fermion
lagrangian characterized by two gap parameters ∆(s) and ∆(v)
−1
2
e2i~q·~x ∑
~vF
eiδµ~vF ·~x
[
∆(s)εi j +~v ·~n∆(v)σ1i j
]
εαβ3ψ+~v; iαC ψ−~v; jβ− (L→ R), (42)
with~n =~q/|~q|. The condensates break the space symmetry group. However the discus-
sion of the number of NGB’s in the case of space symmetries is a subtle one due to the
particular group structure. In fact rotations and translations cannot be considered trans-
formations breaking the symmetries of the theory in an independent way. This is because
a translation plus a rotation is physically equivalent to a translation. Let us discuss the
consequences of this situation more closely.
We first consider spatial rotations. We define a vector field ~R(x) such that |~R|2 = 1
and 〈~R〉0 =~n [20]. The rotational symmetry is restored by substituting ~v ·~n →~v ·~R in
the term proportional to ∆(v). Let us now consider the exponential factor exp(2i~q ·~x) in
(42), which breaks both rotational and translational invariance. By introducing a field
Φ(x) behaving as a scalar under the space group [20], we restore translational and
rotational invariance via the substitution 2~q ·~x → Φ(x). We assume 〈Φ(x)〉0 = 2~q ·~x.
We then introduce a field φ(x) through
Φ(x) = 2~q ·~x+φ(x), 〈φ(x)〉0 = 0, (43)
and convenient transformation properties such to compensate the variation of the term
~q·~x under the space group [20]. The field φ acts as the phonon (Nambu-Goldstone boson)
field associated to the breaking of the space symmetry. We can now construct the field ~R
in terms of Φ(x) as ~R = ~∇Φ/|~∇Φ|. This expression satisfies the required properties for
~R(x).
Through a bosonization procedure similar to the one employed in the previous Sec-
tion, one can derive an effective lagrangian for the NGB field. The effective lagrangian
must contain only derivative terms. Polynomial terms are indeed forbidden by trans-
lation invariance, since φ is not a scalar field under space transformations. In order to
write the kinetic terms is better to use the field Φ which behaves as a scalar under both
rotations and translation. However since the expectation value of the gradient of Φ is
given by 〈~∇Φ〉0 = 2~q≈ ∆, we cannot limit the expansion in the spatial derivatives of Φ
to any finite order. A real spatial derivative expansion can be made only for the phonon
field φ. With this in mind the most general invariant lagrangian will contain a tower of
space-derivative terms [20]:
L(φ,∂µφ) = f
2
2
[
˙Φ2−
∞
∑
n=1
cn(|~∇Φ|2)n
]
. (44)
Here Φ must be thought as a function of the phonon field φ. Using
|~∇Φ(x)|2 = 4q2 + 4qf ~n ·
~∇φ(x)+ 1f 2 |
~∇φ(x)|2, (45)
at the lowest order in the derivatives of the phonon field φ we get (neglecting a constant
term):
L(φ,∂µφ) = 12
[
˙φ2− v2‖|~∇‖φ|2− v2
(
4q f~∇‖φ+ |~∇φ|2
)]
, (46)
where ~∇‖φ = ~n ·~∇φ and v2‖, v2 are constants. Notice that the linear term gives rise
to a surface contribution. The lack of rotational invariance in (46) follows from the
gradient expansion due to the non-linear transformations undergone by the field φ(x).
This happens also in the analogous expansion for the chiral field. Therefore the physical
consequence of the extraction of the expectation value of Φ is an anisotropy in the
dispersion relation for the phonon field φ(x).
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